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Mathematical formulas  
formula example 
n!=1*2*3…*n 3!=1*2*3; 0!=1; 
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Yes, I hope you know that. 
C and N are constant, i and j are 
running indicees 
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See PowerPoint class 15, 18 
(example problem e.g. 323) 

222)( xxxx −=−  Used to calculate fluctuations, see 
problem 75 
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Taylor expansion of exponential 
function, see problem 73 
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and can be tricky to apply, see e.g. 
problems 10, 15, 69 
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See FD and BE statistics,  
see e.g. problem 29, 140 
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Mathematical formulas  
formula example 
ln(1+x)~x for small x ∑ →+±=Ξ −

k
qe k λλ βe )1ln()ln( , 
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See problem 340, 388 
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Gaussian integral, appears e.g. in 
treatment of the ideal gas, see 
problem 356, proof can be found 
e.g. here 
http://en.wikipedia.org/wiki/Gauss_Integral  

xxxx −≈ )ln()!ln(  Stirling’s formula 
 
For special integrals see also: 
http://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions  
http://en.wikipedia.org/wiki/Debye_function  

 
Boltzmann constant  k =  1.3806488×10−23  

J/K = 8.6173324×10−5 eV/K 
Planck’s constant h = 6.62606957×10−34  

Js = 4.135667516×10−15 eV/s 
Speed of light  c = 2.99×108  m/s 

hc = 1.98644568×10−25 J·m 
Avogadro number  NA = 6.022x1023 
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Probability theory formulas 
!1*2)...2(*)1(* NNNN =−−   Number of permutations of N distinguishable species. The 1st 

species is selected from N species. The 2nd from (N-1) species, etc. 
 

  Number of permutations of N distinguishable species placed in ni boxes (i = 1..B). See 
Boltzmann law, class 5A. For indistinguishable objects, divide by N! (see class 12B, corrected 
Boltzmann statistics). 

 
 Number of permutations of N indistinguishable species placed in gi numbered boxes 
with no more than one species per box (gi = 0 or gi = 1, see Pauli principle). See Fermi-
Dirac statistics, class 13 and class 3b. (For distinguishable species remove 1/N! 
correction.) 

 
 Same as above, but without a restriction on the number of species per box (gi = 0, 1, …). 
See Bose-Einstein statistics, class 13 and class 3b. 
 

Plausibility explanations/derivations and more equations can be found e.g. in [May]. [E/R] includes a 
pedagogical outline about probability theory tailored towards pchem/stat thermo applications. 
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Thermodynamics formulas 
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Total derivatives 
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Maxwell relationships 
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Here β andκ are materials constants 
 
Other useful equations 
SdT – Vdp + Ndµ = 0 (Gibbs-Duhem) 
 
Sign definition in thermodynamics: 

Work done by the system on the surroundings - 
Work done on the system by the surroundings + 
Heat adsorbed by the system from the surroundings + 
Heat adsorbed by the surroundings from the system - 
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Stat thermo formulas 
 

Stat thermo postulates (class 1, problem 126) 
The time average of a mechanical variable in a thermodynamics system equals the ensemble 
average in the limit of infinite number of systems  of the ensemble that replicate the 
thermodynamic system. 

And 
The systems of the ensemble are distributed uniformly over the allowed quantum states consistent 
with N, V, and E. 

 

Stat thermo laws (class 10, problems 230-252) 
1st  ∑=

j
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Ω
Ω

=−=∆
f

i
if kSSS   

3rd 0)ln()][ln(lim 00
=Ω=Ω

→ KT
 

 

  

Problems in Statistical Thermodynamics  
Worked Example Problems  
Problems & Solutions 
© 2015 Uwe Burghaus / www.LatheCity.com 

 

6 

 



Ensembles (class 7) 

 
Constrains Grand canonical 

ensemble 
Canonical 
ensemble 

Energy 
conservation 

∑ =
Nj

tjj EVNENn
,

),()(  ∑ =
j

tjj EEn  

Particle # 
conservation 
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tj NNNn
,

)(  
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Sub-system 
conservation 
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Lagrange 
multipliers 

α, β, γ α, β 

 
  The wall of the subsystems allow for transfer of 

The subsystems require energy being 

The subsystems are 

We can also summarize this as 

The supersystem (ensemble) is always isolated from the universe. 
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Boltzmann law (class 5A, problems 130-153) 
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Boltzmann distribution (class 5B, problems 130-153) 
 

jE
j en βα −−Π=* (most like population numbers);
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(see also canonical ensemble and Boltzmann law) 
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Partition functions of ensembles (class 12C, problems 284-304) 
Distinguishable particles cba qqqQ = ; ∑ −=
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Partition functions for model systems 
Diatomic/polyatomic nuclearelectronicrotvibtrans qqqqqq =  (class  18) 
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Canonical ensemble ),,( TVNQ  (class 5A/B, problems 130-153) 
Characteristic function  dA = -SdT – pdV + µdN 
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Grand Canonical ensemble ),,( µTVΞ  (class 6A/B, problems 154-187) 
Characteristic function pdVNdSdTpVd ++= µ)(  

Partition function 
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Micro Canonical ensemble ),,( EVNΩ  (class 7, problems 188-204) 
Entropy    dN
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“Gibbs” ensemble ),,( PTN∆  (problems 222, 223, 227, 229) 
Characteristic function  G = E – TS + pV; dG = -SdT + Vdp + µdN; )ln(∆−= kTG  

Partition function  ∑∑ −−=∆
V j

kTpVkTE je //
 ; NN
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mkT

Χ==∆ ])2()([ 3

2/32/5 π
(for ideal gas) 
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Fluctuations (class 8A/B, problems 205-229) 

Canonical ensemble energy   pE CkT 22 =σ  

Grand canonical ensemble energy  
V
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Average of a distribution function 
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Density of states for 3D particle in box 
For an electron/photon gas multiply by factor of two for degeneracy of electron spin/polarization of 
wave. 

=== eeπeeπeeω dV
h
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h
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 (class 4, problems 110-111) 
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Monoatomic ideal gas (particle-in-box) (class 14A/B, problems 354-375) 
Partition function    VkT

h
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Diatomic ideal gas (class 18A-C, problems 426-473) 
Key electronicvibrationsrotationsnstranslatiototal XXXXX ;;;:  

Partition function  kTD
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Polyatomic ideal gas (class 19, problems 474-492) 
 Vibrations 

53 −= nx (linear) 

63 −= nx (non-linear) 

Rotations 
linear nonlinear 
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T
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2
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∂
∂
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An extended list of equations for polyatomic molecules can also be found in [McQ, chapter 8-3]. 

∑ −Ω=
i

kT
ielectronic

ieq /e ; 1=Ωi ; 1=nuclearq ; VkT
h

mmqkinetic
2/3

2
21 ))(2( +

=
π

are the same equations as 

for diatomic molecules. The complete partition function would be given by 

nuclearelectronicrotvibtrans qqqqqq = , for example. 
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Maxwell-Boltzmann speed distribution (class 17, problems 420-425) 
dvev

kT
mNdN

kTmv /
2
1

22/3)
2

(4)(
−

=
π

πee  

x
kTmV

x dVe
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mccf kTmc 2/2/32 2
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Classical limit (problems 416-419) 
Quantum mechanics ∞→∞→→∞→ mahn ;;0; ;; ψψ →→ nn EE 00 =→ EZPE  

Stat thermo
n

e

h
kTeq kTi →= ∑ − / ; ∫ ∫∑ −− →
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quantum

kT ii eeh // ee  
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Harmonic oscillator (Einstein/Debye model of crystals) (class 15/16, problems 
376-415) 
 Einstein Debye 
Partition 
function 

NkT qeQ 32/)0(ϕ−= ;

T

T

e
eq Θ−

Θ−

−
=

1

2

 

Density of states 

nnπnn dV
c

dg 2
3

4)( =  

Heat 
capacity 
 

2/

/
2

)1(
)(3

−
Θ

= Θ

Θ

T

T

V e
e

T
NkC  ]

1
3)(4[3

−
−= uV e

uuDNkC  

∫ −
=

u

xe
dux

u
uD

0

3

3 1
3)(  

TTTRTC
FD

V +≈
Θ

+
Θ

= 3
2

3
4

)(
2

)(
5

12 πηπ
 

∞→T  NkC 3=  NkC 3=  
0→T  Te

T
NkC /2)(3 Θ−Θ

=  3)(
D

TC
Θ

≈  
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Chemical equilibrium (class 20, problems 493-506) 
⇒→ max

system   isolated
S  ⇒→ min

const NT,V,
A  max→Q  

DCBA DCBA nnnn +⇔+  

Equilibrium constant
BA

DC

BA

DCTK nn

nn

ρρ
ρρ

=)( ; )()()( )( TKkT
pp
ppPK BADC

BA

DC

BA

DC nnnn
nn

nn
−−+==  

The equilibrium constant is the ratio of partition functions per volume. This is of some direct practical 
use in the transition state theory. 
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Quantum statistics: Fermi-Dirac gas, electron gas (class 23A, problems 520-534) 
Fermi function (Fermi distribution) kTFD ke

ff /)(1
1)( µee −+

==  

Population numbers
1

*

+
= + ie

gn i
i βeα ;

kTkT
µαβ −== ;1

 (gi degeneracy) 

Average number of Fermions (with energy ie ) iii ngn =  or using density of states )()( eeω fdN =  

Density of states of a free electron gas eeπeeω dV
h
md 2/12/3
2 )8(

4
2)( = ;   ∫

∞

=
0

)( eeω dfN FD  

Fermi energy, chemical potential (T = 0K)
m

h
V
N

2
)

8
3(

2
3/2

0 π
µ = ; FF kT== eµ0 ;

 ...])(
12

1[)( 2
2

0 ±−≈
µ

πµµ kTT  

Internal energy ...])(
16

)(
12

51[
5
3)( 4

4
2

2

0

+−+== ∫
∞

FF
F T

T
T
TNzdNU ππeeee  

Heat capacity ...
2
1 2 ±==

FT
TNk

dT
dUC π ; 3TTCCC bulkelectronstotal +≈+=  

Helmholtz energy ...])(
45

3[ 2
2

+−=−=
F

F T
TnkTTSUA π

 

Pressure 
V
UE

V
Ap

3
2

3
2

==
∂
∂

−=  

Entropy ...])(
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)[(
2

3
22

+−== ∫
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T
T
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T
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Quantum statistics: Bose-Einstein gas, photon gas (class 23B, problems 535-555) 
BE distribution for photons 

1
1

/ −
= kThPh e

f n   

Population numbers
1−

= + ie
gn i

i βeα ;
kTkT
µαβ −== ;1

(gi degeneracy) 

Average number of Fermions (with energy ie ) iii ngn =  or using density of states )()( eeω fdN =  

Density of states of a free electron gas nnπnnω dd 2
3c
V42  )( =  

Chemical potential 0=µ  

Internal energy nnπnn n d
e

du kTh ]
1

[
c
hV8  )( /

3

3 −
= ; λπλλ λ d

e
du kThc 1

1hVc8  )( / −
=   (Blackbody 

equation) 

Total energy
4T◊=ρ (Stefan Boltzmann law); constantmax =λT  (Wien’s displacement law) 

Heat capacity 34 VTCPhotons ◊=  ; 4
32

5 11
15
8 k

ch
π=◊  

Helmholtz energy 3

3
1 VTA ◊−=  

Pressure ρ
3
1

3
1 4 =◊= TP (energy density 

V
U

=δ ) 

Entropy 3

3
4 VTSPhotons ◊=  
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Quantum statistics: Bose-Einstein condensation (class 23C, problems 556-569) 

Ground state/excited state population 2/30 )(11
B

ext

T
T

N
N

N
N

−=−=  

Condensation temperature 
mk

h
V

NT ext
BEC π2

)
612.2

(
2

3/2=  
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